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Modeling and characteristic analysis of
the multilayer bimorph and deflector-
feedback rod assembly in a deflector
jet servo valve
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Abstract
The deflector jet servo valve driven by multilayer bimorph achieves exceptional performance for advanced aerospace
applications, with critical advantages of fast response, high precision and compact structure. The valve output character-
istics is fundamentally determined by the output characteristics of its multilayer bimorph and deflector-feedback rod
assembly, where existing models fail to accurately predict behavior under limited working conditions. This study devel-
ops a mathematical model to precisely characterize the output characteristics of assembly, incorporating adjustable
clamping length and reduction of effective driving force. With finite element analysis and experiments, static characteris-
tics of the assembly are analyzed. Experimental validation demonstrates the accuracy of model, reducing maximum rela-
tive errors by 50.5% in assembly end feedback force prediction and 66% in deflector displacement estimation compared
to conventional approaches. This work provides not only essential theoretical support for multilayer bimorph applica-
tions in complex structural load, but also provides theoretical support for developing precise control algorithms with
mechanical feedback. The improved model enables optimization of servo valve design and assembly precision while main-
taining system performance.
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Introduction

Electro-hydraulic servo valves, as core components of
electro-hydraulic servo control systems, are widely used
in aerospace with the advantages of high precision,
small size, fast response.1,2 Conventional two-stage
servo valves employ torque or force motors coupled
with hydraulic amplifiers (as first stage) to drive sliding
spools (as second stage).3,4 However, torque or force
motors have present following limitations: structural
complexity; challenging installation and adjustment
requirements; difficulties in enhancing bandwidth.

To address these limitations, piezoelectric actua-
tors offer simplified structure, reduced weight, faster
response, magnetic interference immunity, and
higher reliability.5–8 These advantages make electro-
hydraulic servo valves driven by piezoelectric actua-
tors ideal for aerospace applications where exist strict
mass and size limitations.9,10 Design and installation
of piezoelectric actuators are especially critical as

they directly determine output precision and output
characteristics of these servo valves.

There are three main types of piezoelectric actuators
used to drive electro-hydraulic servo valves11,12: axial
actuator (stack),13,14 ring bender15,16 and rectangular
bender.17 While axial stacks intrinsically provide high
output force, their practical implementation requires dis-
placement amplification mechanisms that inevitably
compromise dynamic response.18 In contrast, ring and
rectangular benders provide greater output displacements
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at lower voltages, though with reduced output forces.19

When the length of rectangular benders equals the outer
diameter of ring benders, the rectangular benders can
provide greater output displacements.20 This study
employs a multilayer bimorph (a type of rectangular
benders), as it optimally meets servo valve requirements
for displacement, force and compactness.

While multilayer bimorphs are widely used in pneu-
matic valves and sensors with simple load condi-
tions,21,22 application in hydraulic servo valves
introduces significant challenges due to two key factors:
operation in oil that introduce fluid-structure interac-
tions; precisely driving the flexible loads with complex
structure.

To address oil-immersion operational challenges,
scholars have studied the mathematical model of a sin-
gle multilayer bimorph. Based on electromechanical
behavior of free bimorph analyzed by Jan,23 mathemat-
ical model of a multilayer bimorph flapper in a double-
nozzle flapper servo valve was conducted by Sedziak.
The static and dynamic characteristics of multilayer
bimorph in a double-nozzle flapper servo valve was
tested by Zhu.24 A control model of bimorph was built
to reduce hysteresis by Milecki.25 With influence of
hydraulic fluids taken into account, the dynamic model
of multilayer bimorph in a double-nozzle flapper servo
valve was established by Chen.26 These studies provide
guidance for the modeling and simulation of multilayer
bimorph, but are not very applicable to multilayer
bimorph and deflector-feedback rod assembly in deflec-
tor jet servo valve due to different structure and work-
ing principle.

In deflector jet servo valves, the multilayer bimorph
must actuate an irregularly-shaped connecting part and
a deflector-feedback rod assembly which comprising a
flexible rod with precision-aligned end balls. To address
challenges of precisely driving flexible loads with com-
plex structure, a mathematical model and nonlinear
dynamic model for multilayer bimorph and deflector-
feedback rod assembly in a deflector jet servo valve was
conducted by Sangiah.27 The structure directly reduced
the moment of inertia while sacrificed post-assembly
adjustability between multilayer bimorph and deflector-
feedback rod. The model reflects the deflector center
displacement and the feedback rod ball center displace-
ment well while the feedback rod ball is free. However,
the model relies on the EulerBernoulli beam theory,
failing to account for the anticlastic deformation of
multilayer bimorph28,29 which is curvature along the
width direction induced by bending along the length
direction while the feedback rod ball is limited. Since
the traditional model treats feedback force acted on the
feedback rod ball as an externally prescribed input
parameter of the assembly, and real-time monitoring of
feedback force during whole valve operation is imprac-
tical, the traditional model cannot adequately charac-
terize the correlation between assembly structural
parameters, fitting clearance and output parameters.

To investigate multilayer bimorph performance
under complex structural loads and precision driving
conditions, a novel assembly structure is proposed
firstly. Then the mathematical model of the assembly
especially for limited feedback rod ball is conducted.
Considering the effects of multilayer bimorph anticlas-
tic deformation on force and displacement transmis-
sion, the parameters of model are identified through
finite element analysis. The accuracy of model is veri-
fied by experiments and the static characteristics of the
assembly are analyzed. The contribution of this work is
twofold:

(1) A novel piezoelectric actuator for deflector jet
servo valves is developed. The design offers
adjustable bimorph clamping length and adjus-
table relative positioning between bimorph and
feedback rod. These features enable optimiza-
tion while maintaining stable, secure connections
and minimizing moment of inertia.

(2) The static and dynamic mathematical model of
the multilayer bimorph and deflector-feedback
rod assembly is conducted, accounting for the
anticlastic deformation of multilayer bimorph
and limited feedback rod ball through the intro-
duction of amendment coefficients. The model
mainly characterizes the relationships between
deflector center displacement, resistant force
generated on feedback rod ball, hydraulic force
acting on the deflector, and control voltage. By
enabling precise calculation of the feedback force
and deflector displacement, the models facilitate
assessments: detecting assembly end fitting clear-
ance and ensuring proper feedback force trans-
mission, which are essential for maintaining
linear displacement output and overall system
reliability.

(3) Based on proposed models, analysis reveals how
parameters (such as bimorph unclamping length)
influence assembly output characteristics, with
special emphasis on assembly end fitting clear-
ance. These validated models provide a practical
design tool that supports assembly optimal
design under complex loading conditions,
enabling performance optimization in engineer-
ing applications to be gained through the design
of parameters like the optimal clearance range.
These also provide theoretical support for devel-
oping precise valve control algorithms incorpor-
ating mechanical feedback.

The rest of this paper is organized as follows. The
structure and working principle of the first stage assem-
bly exposing the feedback rod are introduced in section
2. The static and dynamic mathematical mode of multi-
layer bimorph and deflector-feedback rod assembly is
carried out in section 3. In section 4, parameter identifi-
cation of the mathematical model is conducted. In
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section 5, a prototype of the first stage assembly expos-
ing the feedback rod is used in experiments under differ-
ent working conditions to verify the model accuracy. In
section 6, discussion is made. Finally, section 7 ends
with some conclusions.

Structure and working principle

A cutaway of the first stage assembly exposing the
feedback rod is composed of cover, polytetrafluor-
oethylene (PTFE) block, upper shell, fixing screw, mul-
tilayer bimorph (operating within a control voltage
range of 6 100V), set screw, connecting part and
deflector-feedback rod, as shown in Figure 1(a). The
main structure is multilayer bimorph and deflector-
feedback rod assembly composed of multilayer
bimorph and deflector-feedback rod. Figure 1(b) to (d)
illustrates the assembly working states under zero, neg-
ative, and positive control voltages respectively.

The cover is connected to the upper shell with fixing
screws. The multilayer bimorph functions as a cantile-
ver beam. Bimorph fixed end is clamped to the upper
shell through PTFE blocks preloaded by set screws,
and the free end is connected to the deflector-feedback
rod through connecting part with set screws. The
deflector-feedback rod and connecting parts are assem-
bled with an interference fit, ensuring elimination of
relative movement. The end fixture, fabricated from
photosensitive resin through 3D printing, incorporates
an inclined-plane clamping mechanism that limit the
movement of feedback rod ball.

The working principle of multilayer bimorph and
deflector-feedback rod assembly: (1) When the control
voltage is zero, the multilayer bimorph and deflector-
feedback rod assembly is in the middle position and
does not deflect; (2) When the control voltage is nega-
tive, the multilayer bimorph is deflected to the right

and drives the deflector-feedback rod to be deflected to
the right; (3) When the control voltage is positive, the
multilayer bimorph is deflected to the left and drives
the deflector-feedback rod to be deflected to the left.

Mathematical model

Based on the constitutive equation of piezoelectric
effect,30–32 Euler-Bernoulli beam theory, Hooke’s law,33

the overall mathematical modeling approach is illu-
strated in Figure 2.

The mathematical model of the assembly end displa-
cement free feedback rod ball is established based on
the model of multilayer bimorph end displacement,
considering effects of coupling the connecting part and
deflector-feedback rod on the output characteristics.
The model of deflector center displacement for limited
feedback rod ball is built based on the model of end
displacement for free feedback rod ball, considering
effects of reduction of effective driving force caused by
bimorph anticlastic deformation and other effects.

Mathematical model of multilayer bimorph end
displacement

The model of a single multilayer bimorph end displace-
ment forms the foundation for subsequent modeling,
with particular emphasis on bimorph end displacement.
This model enables evaluation of how the multilayer
bimorph unclamped length effects its end displacement.

Static model. The deflection of multilayer bimorph is
shown in Figure 3.

When multilayer bimorph is not deflected, the multi-
layer bimorph exhibits infinite radius of curvature

Figure 1. Structure and working states of the first stage: (a) structure, (b) working state when control voltage is zero, (c) working
state when control voltage is negative, and (d) working state when control voltage is positive.
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(R!N) and zero rotation angle (u1=0). The bending
moment and radius of curvature can be expressed as:

1

R
=

M1

EbIb
ð1Þ

whereM1 is the bending moment of bimorph when con-
trol voltage is applied and external force is zero; Eb is
the Young’s modulus of bimorph; and Ib is the cross-
sectional inertia of bimorph.

Considering the bending caused by the inverse piezo-
electric effect, the moment M1 can be expressed as:

M1 =sbh2 ð2Þ

where s is the stress of bimorph; b is bimorph width; h
is half thickness of multilayer bimorph.

The stress s can be expressed as:

s = d31eEb ð3Þ

where d31 is strain constant of piezoelectric materials; e
is electric field strength.

The electric field strength e can be expressed as:

e=
V
h
n1

=
n1V

h
ð4Þ

where V is control voltage amplitude; n1 is half of
bimorph layers.

The cross-sectional inertia of the multilayer bimorph
Ib can be expressed as:

Ib =
b 2hð Þ3

12
=

2bh3

3
ð5Þ

Substituting equations (2)–(5) into equation (1)
gives:

R=
2h2

3n1d31V
ð6Þ

As shown in Figure 4, the multilayer bimorph end
displacement d1 can be expressed as:

d1 =R 1� cos u1ð Þ ð7Þ

where u1 is the cross-section deflection angle.

Figure 2. The overall mathematical modeling scheme of the assembly.

Figure 3. Schematic diagram of multilayer bimorph deflection:
(a) when bimorph is not deflected and (b) when bimorph is
deflected.
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As deflection angle u1 of the multilayer bimorph
tends to zero, cos u can be seemed as 1–u2/2. The equa-
tion (7) can be simplified as:

d1 =
Ru2

1

2
ð8Þ

As deflection angle of the multilayer bimorph tends
to zero, u1 can be seemed as tanu1, thus:

u1 =
Lb

R
ð9Þ

where Lb is the unclamped length of multilayer
bimorph.

Substituting equations (6) and (9) into equation (8)
gives:

d1 =
3L2

bd31n1
4h2

V ð10Þ

Substituting equations (6) and (10) into equation (9)
gives:

u1 =
3Lbd31n1

2h2
V ð11Þ

Dynamic model. The multilayer bimorph is clamped as a
cantilever beam. The active torque is generated by the
control voltage which is mainly used to overcome the
inertial moment, viscous moment and elastic moment
of the multilayer bimorph. Combining equations (2)–
(4), the dynamic model of a single multilayer bimorph
can be expressed as follows:

J1
d2u1

dt2
+C1

du1

dt
+K1u1 = d31nlEbbh � V ð12Þ

where J1 is the moment of inertia of the multilayer
bimorph, which is only related to the size of the multi-
layer bimorph; C1 is the damping coefficient of the
rotation of the assembly, which is related to the moving
medium; K1 is stiffness of multilayer bimorph.

The stiffness of multilayer bimorph K1 can be
expressed as:

K1 =
M1

u1
=

2Ebbh
3

3Lb
ð13Þ

Mathematical model of assembly end displacement
for free feedback rod ball

In a deflector jet servo valve, the multilayer bimorph
functions for driving deflector-feedback rod. Then the
deflector center displacement directly effects the output
characteristics of whole valve. As the feedback rod is
an elastomer and the geometry of the connecting part is
irregular, this study focuses on the deflector center dis-
placement in the assembly, enables evaluation of how
structural parameters of the assembly effects deflector
center displacement and feedback rod ball trajectory.

Static model. a. The multilayer bimorph end displacement.
The multilayer bimorph end displacement d2 in assem-
bly is shown in Figure 5.

Figure 5. Schematic diagram of the multilayer bimorph end
displacement.

Figure 4. Structural parameters of deflected multilayer
bimorph.
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According to the Euler-Bernoulli beam theory, the
end displacement d2 can be expressed as:

d2 =
WL3

b

3EbIb
+

M2L
2
b

2EbIb
ð14Þ

where W is multilayer bimorph end force; M2 is multi-
layer bimorph end bending moment.

The deflection angle u2 of the deflector section can
be expressed as:

u2 =
WL2

b

2EbIb
+

M2Lb

EbIb
ð15Þ

According to the translational theorem of force, the
end force W and moment M2 can be expressed as:

M2 =M1 � Ld +Lf

� �
Fs � LdFd ð16Þ

W=� Fs +Fdð Þ ð17Þ

where Ld is the distance between the deflector center
and the multilayer bimorph end; Lf is the length of feed-
back rod; Fs is the resistant force generated on the feed-
back rod which equals to the feedback force acted on
the feedback rod ball; Fd is the hydraulic force acting
on the deflector.

Solving simultaneous equations (2)–(4) and (14)–(17)
gives:

d2 =
3L2

bd31nlV

4h2
� L2

b

6EbIb
2Lb Fs +Fdð Þ+3Fs Ld +Lfð Þ+3LdFd½ �

ð18Þ

u2 =
3d31LbnlV

2h2
�

Lb

2EbIb
Lb Fs +Fdð Þ+2Fs Ld +Lfð Þ+2LdFd½ �

ð19Þ

The multilayer bimorph end displacement d2 and
deflection angle u2 have been obtained in equations (18)
and (19). In order to further determine the trajectory
for free feedback rod ball, the axial multilayer bimorph
displacement L1 is:

L1 =Lb � d2tan
�1 d2

Lb
ð20Þ

Substituting equation (18) into (20) gives:

L1 =Lb�
3Lbd31nlV

4h2
� Lb

6EbIb
2Lb Fs +Fdð Þ+3Fs Ld +Lfð Þ+3LdFd½ �

3d31nlV

4h2
� 1

4EbIb
Lb Fs +Fdð Þ+2Fs Ld +Lfð Þ+2LdFd½ �

ð21Þ

b. The deflector center displacement. Assuming that
the deflector is fixed to the bimorph end and ignoring
the deflector deformation, the deflector center displace-
ment xd is shown in Figure 6.
The deflector center displacement xd is:

xd = d2 + xd1 ð22Þ

where xd1 is the displacement of deflector center relative
to the multilayer bimorph end.

The deflector center displacement relative to the mul-
tilayer bimorph end xd1 can be expressed as:

xd1 =Ld sin u2 ð23Þ

Since u2 is small enough, it can be equal to sinu2.
Substituting equations (18), (19), and (23) into equation
(22) gives:

xd = Lb +2Ldð Þ 3Lbd31nl
4h2

V� Lb

2EbIb

2L2
b

3
+2LbLd +2L2

d

� �
Fd

� Lb

2EbIb

2L2
b

3
+Lb Ld +Lfð Þ+2Ld Ld +Lfð Þ+LdLb

� �
Fs

ð24Þ

The deflector center displacement xd has been
obtained in equation (24). In order to further determine
the trajectory for free feedback rod ball, the axial
deflector center displacement L2 is:

Figure 6. Schematic diagram of the deflector center
displacement for free feedback rod ball.
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L2 =L1 +Ld cos u2 ð25Þ

c. The feedback rod ball center displacement. The feed-
back rod ball center displacement xs which can be seen
as assembly end displacement is shown in Figure 7.

The feedback rod deflects following the Euler-
Bernoulli beam theory. The feedback rod ball center
displacement xs can be expressed as:

xs = xd + ds ð26Þ

where ds is the feedback rod ball center displacement
relative to the deflector center.

The feedback rod ball center displacement ds relative
to deflector center can be expressed as:

ds = xs1 + xs2 ð27Þ

where xs1 is the feedback rod ball center displacement
caused by multilayer bimorph deflection, xs2 is the feed-
back rod ball center deflection relative to the deflector
center.

The feedback rod ball center displacement caused by
multilayer bimorph deflection xs1 and the feedback rod
ball center deflection the relative to the deflector center
xs2 can be expressed as:

xs1 = u2Lf ð28Þ

xs2 = d3cos
�1u2 ð29Þ

Based on Euler-Bernoulli beam theory, the feedback
rod ball center displacement d3 and feedback rod deflec-
tion angle u3 relative to the central axis of the deflector
can be obtained that:

d3 =
1

tanu2

ffiffiffiffiffiffiffiffiffi
EfIf
Fsu2

r
tan Lf

ffiffiffiffiffiffiffiffiffi
Fsu2

EfIf

r� �
� Lf

tanu2
ð30Þ

u3 =
Lf

u2
2 sin Lf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fs sin u2

EfIf

s !
� 1

" #
ð31Þ

where If is the cross-sectional moment of inertia of the
feedback rod; Ef is the Young’s modulus of feedback
rod.

Substituting equations (19), (24), and (27)–(30) into
equation (26), the feedback rod ball center displacement
xs is obtained as:

xs = Lb +2Ld +2Lfð Þ 3Lbd31nl
4h2

V

� Lb

2EbIb

2L2
b

3
+2LbLd +2L2

d +LbLf + 2LdLf

� �
Fd

� Lb

EbIb

L2
b

3
+LbLd +LbLf +L2

d +2LdLf +L2
f

� �
+

L3
f

3EfIf

� �
Fs

ð32Þ

The feedback rod ball center displacement xs has
been obtained in equation (32). In order to further
determine the trajectory for free feedback rod ball, the
axial feedback rod ball center displacement L3 can be
expressed as:

L3 =L2 + cos u2 Lf � d3tan
�1 d3

Lf

� �
ð33Þ

Dynamic model. When the feedback rod ball is free, the
main driving torque is the bending moment M1 gener-
ated by the change of control voltage, which is mainly
used to overcome the moment of inertia, viscous
moment, elastic moment and the moment generated by
the liquid flow force Fd on the multilayer bimorph and
deflector-feedback rod assembly. The dynamic model
is:

J2
d2u2

dt2
+C2

du2

dt
+K1u2 = d31nlEbbh � V� FdLd

ð34Þ

where J2 is the moment of inertia of the assembly; C2 is
the damping coefficient of the rotation of the assembly,
which is related to the moving medium.

Figure 7. Schematic diagram of the feedback rod ball center
displacement.
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Mathematical model of deflector center
displacement for limited feedback rod ball

In practical working conditions, the feedback rod ball
is limited. This model enables evaluation of how feed-
back rod ball fitting clearance effects deflector center
displacement and feedback force acted on feedback rod
ball, provides theoretical support for multilayer
bimorph applications in complex structural load with
end limitation.

The mathematical model of the multilayer bimorph
and deflector-feedback rod assembly while the feedback
rod ball is free is established in subsection 3.2. The tra-
ditional model while the feedback rod ball is limited is
directly derived from the model while the ball is free, let
the feedback rod ball center displacement is zero (xs=
0). The relationship between the resistant force on the
feedback rod ball Fs and the hydraulic force Fd can be
directly derived:

Fs =
Lb +2Ld +2Lfð Þ 3Lbd31nl

4h2

Lb

EbIb

L2
b

3 +LbLd +LbLf +L2
d +2LdLf +L2

f

	 

+

L3
f

3EfIf

V

�
Lb

2EbIb

2L2
b

3 +2LbLd +2L2
d +LbLf + 2LdLf

	 

Lb

EbIb

L2
b

3 +LbLd +LbLf +L2
d +2LdLf +L2

f

	 

+

L3
f

3EfIf

Fd

ð35Þ

Substituting equation (35) into (24), the deflector
center displacement can be obtained:

xdlim =
3Lbd31nl

4h2

� 1
6L

2
bLf +

EbIbL
3
f

3EfIfLb
Lb +2Ldð Þ

L2
b

3 +LbLd +LbLf +L2
d +2LdLf +L2

f

	 

+

EbIbL
3
f

3EfIfLb

2
64

3
75V

� Lb

2EbIb

1
6L

2
bL

2
f +

EbIbL
3
f

3EfIfLb

2L2
b

3 +2LbLd +2L2
d

	 

L2
b

3 +LbLd +LbLf +L2
d +2LdLf +L2

f

	 

+

EbIbL
3
f

3EfIfLb

2
64

3
75Fd

ð36Þ

However, the bimorph anticlastic deformation
becomes greater when the feedback rod ball is limited.
leading to a reduction in effective driving force. The
traditional model neglects cross sectional deformation
resulting in overestimated displacement while the feed-
back rod ball is limited, and also introduces significant
deflection displacement errors due to error accumula-
tion. To address these limitations, a mathematical
model of deflector center displacement is revised.

Static model. The schematic diagram of the assembly for
limited feedback rod ball is shown in Figure 8.

Based on constitutive equation of piezoelectric effect,
the relationships among control voltage, the multilayer

bimorph end displacement and the bimorph end output
force can be expressed as:

d2 =
n1L

3
b

2bEbh3
Fequal �

3n1d31L
2
b

4h2
V ð37Þ

where d2 is the multilayer bimorph end displacement,
and Fequal is the bimorph output force.

Based on moment balance equation, the bimorph
end output force Fequal can be expressed as:

Fequal =
Fs Lb +Ld +Lfð Þ+Fd Lb +Ldð Þ

Lb
ð38Þ

Substituting equations (18) and (38) into (37), the
resistant force on the feedback rod ball Fs can be
expressed as:

Fs =
3n1Ebd31Lb

n1Lb

bh Lb +Ld +Lfð Þ+ h2

Ib

2L2
b

3 +LbLf +LdLb

h iV

�
n1Lb

bh3
Lb +Ldð Þ+ 1

Ib
(
2L2

b

3 +LbLd)

n1Lb

bh3
Lb +Ld +Lfð Þ+ 1

Ib

2L2
b

3 +LbLf +LdLb

h iFd

ð39Þ

Substituting equations (39) into (24), the deflector
center displacement xdlim can be obtained:

Figure 8. Schematic diagram of deflector center displacement
for limited feedback rod ball.
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xdlim =
3n1d31Lb

2

Lb +2Ldð Þ
2h2

�
2L2

b

3 +2LbLd +LbLf + 2L2
d +2LdLf

n1Ib
bh Lb +Ld +Lfð Þ+ h2 2Lb

3 +Lf +Ld

� �
" #

V

+
1

2EbIb

n1Lb

bh3
L2
b
Lf

3 +LbLdLf

h i
+

L2
b
LdLf

3Ib

n1
bh3

Lb +Ld +Lfð Þ+ 1
Ib

2Lb

3 +Lf +Ld

� �Fd

ð40Þ

In the model above, we consider the connecting part
as a rigid body. However, in practical, a part of the
multilayer bimorph output power is used for connect-
ing part deformation and bimorph anticlastic deforma-
tion. As shown in subsection 4.2, discrepancies exist
between this model above (equations (39) and (40)) and
finite element simulation results, with maximum rela-
tive errors of 24.5% for resistant force and 36.5% for
deflector center displacement.

The actual anticlastic deformation of the bimorph
crosssection and deformations of the connecting part
are complex. Considering the linear relationship
between feedback force and deflector displacement, we
propose two amendment coefficients: l for the increase
of bimorph end output force; g for displacement reduc-
tion from reduction of effective driving force. The feed-
back force acted on the feedback rod ball Fs can be
expressed as:

Fs =
3n1Ebd31Lb

n1Lb

bh
Lb +Ld +Lfð Þ+ h2

Ib

2L2
b

3
+LbLf +LdLb

h iV

�
n1Lb

bh3
Lb +Ldð Þ+ 1

Ib

2L2
b

3
+LbLd

	 

n1Lb

bh3
Lb +Ld +Lfð Þ+ 1

Ib

2L2
b

3
+LbLf +LdLb

h iFd

� lxd

ð41Þ

The deflector center displacement xdlim can be
expressed as:

xdlim = Lb +2Ldð Þ 3Lbd31nl
4h2

V

� Lb

2EbIb

2L2
b

3
+2LbLd +2L2

d

� �
Fd

� Lb

2EbIb

2L2
b

3
+Lb Ld +Lfð Þ+2Ld Ld +Lfð Þ+LdLb

� �
Fs

+gFs

ð42Þ

The amendment coefficients are identified through
Isight based on finite element analysis through
COMSOL in subsection 4.2.

Dynamic model. Considering the limited the feedback
rod ball, the active moment also needs to overcome the

moment formed by the feedback force acted on the
feedback rod ball. The dynamic model is:

J2
d2u4

dt2
+C2

du4

dt
+K2u4 = d31nlEbbh � V

� FdLd � Fs Ld +Lfð Þ
ð43Þ

Parameter identification

The mathematical model requires identification of two
coefficient of amendments: l for the increase of
bimorph end output force in equation (41); g for dis-
placement reduction from reduction of effective driving
force in equation (42). The model of the multilayer
bimorph and deflector-feedback rod assembly is devel-
oped in Matlab/Simulink firstly. The amendment coef-
ficients are then identified in Isight.

The mathematical model of assembly built in
MATLAB/Simulink

Based on the established mathematical model of multi-
layer bimorph and deflector-feedback rod assembly, a
simulation model of the assembly is established in
MATLAB/Simulink, as shown in Figure 9. The model
is built based on the MATLAB Function module.

For free feedback rod ball, the main input signals are
the control voltage, feedback force acted on the feed-
back rod ball, liquid flow force acted on the deflector;
the main output signals are deflector center displace-
ment and feedback rod ball center displacement. While
the feedback rod ball is limited, the main input signals
are the control voltage, liquid flow force acted on the
deflector; the main output signals are deflector center
displacement and resistant force generated on the feed-
back rod ball. The main simulation parameters of the
assembly are shown in Table 1.

Identification of amendments coefficients

Using COMSOL for finite element analysis of assem-
bly, the deflector center displacement and the resistant
force generated on the feedback rod ball in air can be
obtained. The density, elastic modulus, and Poisson’s
ratio of different parts in the assembly are shown in
Table 2.

In practical valve operation, the feedback rod ball
is permitted a limited amount of axial displacement.
As this is very small compared to deflection of feed-
back rod ball center, the axial displacement is
neglected in the following simulations. Based on finite
element analysis in COMSOL, when the frequency of
the continuous sinusoidal control voltage is 0.1Hz
and amplitude is 100 or 40V, the continuous deflector
center displacement and the resistant force generated
on the feedback rod ball can be obtained. The surface
stress of the multilayer bimorph when achieving the

Li et al. 9



Figure 9. Mathematical model of the assembly.

Table 1. Main parameters of the assembly.

Name Symbol Value Units

Piezoelectric constant34 d31 1.95 3 10210 C/N
The unclamped length of multilayer bimorph Lb 16.50 3 1023 m
Half thickness of multilayer bimorph35 h 0.65 3 1023 m
The width of multilayer bimorph b 7.80 3 1023 m
The moment of inertia of feedback rod If 2.80 3 10213 m4

Young’s modulus of multilayer bimorph Eb 6.25 3 1010 N/m2

The moment inertia of multilayer bimorph Ib 1.43 3 10212 m4

The length of deflector Ld 9.23 3 1023 m
The length of feedback rod Lf 18.08 3 1023 m
Young’s modulus of feedback rod Ef 1.80 3 1011 N/m2

Half layers of the piezoelectric ceramic n 9 -

Table 2. The main material parameters of the assembly.

Name of each part Density (kg/m3) Elastic modulus (N/m2) Poisson’s ratio

Multilayer bimorph 7.85 3 103 6.0 3 1010 0.32
Fixing screw 7.90 3 103 2.0 3 1011 0.28
Connecting part 2.80 3 103 7.0 3 1010 0.33
Deflector-feedback rod 8.80 3 103 1.2 3 1011 0.35
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maximum deflection is extracted, as shown in Figure
10(b) and (d).

The stress on both sides of contact boundary on
bimorph between the surface of the multilayer bimorph
and the connecting part is relatively higher, while there
is a noticeable area in the middle with significantly
lower stress. Especially for limited feedback rod ball,
there is very little stress at the center of the contact
boundary between the bimorph surface and the con-
necting part, indicating anticlastic deformation is
existed. Through Isight, minimize both maximum abso-
lute error and root mean square error between mathe-
matical model results and finite analysis, with priority
given to reducing the maximum absolute error.36–38

Solve for 3375 sets of amendment coefficients to obtain
the optimal one.

According to the identification in Isight, gives that l

is 847.68, g is 6.85 3 1025 while output force is in new-
tons and deflector displacement is in meters. The com-
parison among the results of the mathematical models
whether there are amendments or not and the results of
finite element analysis in COMSOL can be seen in
Figure 11.

Experimental validations

The experimental validations comprise two parts: the
first part is to test the resistant force generated on feed-
back rod ball and deflector center displacement in air
conditions, and compare the experimental results with
the mathematical results; the second part is to test of
the deflector center displacement in oil or air whether

the feedback rod ball is limited or not, and compare the
experimental results with the mathematical results for
each operational condition.

Experiment on the resistant force and deflector
center displacement in air

In order to achieve the purpose of testing the deflector
center displacement and the resistant force generated
on feedback rod ball, an experimental platform was
first built. The experimental system consists of six parts:
power amplifier, fixture, assembly, laser sensor, and
force sensor, as shown in Figure 12. The supervisory
computer generates a sinusoidal continuous signal,
which is then amplified by power amplifier before being
applied to the multilayer bimorph. The deflector center
displacement is measured by laser sensor; the resistant
force is measured by force sensor. An initial force is
applied to ensure that the feedback rod ball cannot
detach from force sensor.

The control voltage amplitudes are set to 30, 50, and
80V respectively, with frequency of 0.1Hz. Compare
the results of the mathematical model with amendments
(equations (41) and (42)), model derived directly (equa-
tions (35) and (36)) with experimental results, as shown
in Figure 13.

Compared with the model derived directly, simula-
tion results of the mathematical model with amend-
ments are more similar to the experimental results.
Based on the experimental results obtained, the maxi-
mum absolute error, mean absolute error, root mean
square error of mathematical models are shown in
Table 3.

As shown in Table 3, the errors of mathematical
model with amendments have significantly reduced
compared with traditional model (derived directly); the
relative error in deflector center displacement tends to
increase with higher control voltage indicating that hys-
teresis exerts a stronger influence under larger control
voltage. Considering the hysteresis is existed in experi-
mental results, the errors of the peak-to-peak values of
the output force and output displacement are shown in
Table 4.

As shown in Table 4, the errors of peak-to-peak val-
ues of mathematical model with amendments have sig-
nificantly reduced compared with traditional model
(derived directly); the proposed model exhibits larger
relative error at lower voltage. As for the mathematical
model with amendments compared with experimental
results, the maximum relative error of output force is
9.68%, the maximum relative error of deflector displa-
cement is 14.46% Although amendments enhance the
predictive capability of the model while the feedback
rod ball is limited, it does not fully capture the physical
effects at lower voltages.

The proposed model may lose accuracy under condi-
tions where the control voltage amplitude is quite low;

Figure 10. Stress while the control voltage amplitude is 100 V:
(a) assembly while ball is free, (b) bimorph surface stress while
ball is free, (c) the assembly while ball is limited, and (d) bimorph
surface stress while ball is limited.

Li et al. 11



Figure 11. Comparison among results of mathematical models and finite element model: (a) output force while control voltage is
40 V, (b) deflector displacement while control voltage is 40 V, (c) output force while control voltage is 100 V, (d) deflector
displacement while control voltage is 100 V.
The simulation results of the mathematical model with amendments are more similar to the finite element analysis in COMSOL.

Figure 12. Testing platform of resistant force and deflector center displacement.
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Figure 13. The comparison among results of mathematical model and experiment: (a) force while control voltage amplitude is 30 V,
(b) force while control voltage amplitude is 50 V, (c) force while control voltage amplitude is 80 V, (d) displacement while control
voltage amplitude is 30 V, (e) displacement while control voltage amplitude is 50 V, and (f) displacement while control voltage
amplitude is 80 V.

Table 3. The error between the mathematical result curve and the experimental result curve.

Control
voltage (V) Parameters

Maximum absolute error Mean absolute error Root mean square error

With
amendments

Derived
directly With amendments

Derived
directly

With
amendments

Derived
directly

30 Fs/N 0.040 0.060 0.020 0.032 0.022 0.035
50 Fs/N 0.053 0.110 0.026 0.062 0.028 0.068
80 Fs/N 0.067 0.220 0.027 0.130 0.028 0.150
30 xdlim/mm 8.92 22.31 4.77 12.53 4.96 13.96
50 xdlim/mm 13.99 25.48 6.77 15.78 6.98 17.00
80 xdlim/mm 19.54 36.03 11.56 22.05 12.67 24.24

Table 4. The error of peak-to-peak values between the mathematical results and the experimental results.

Control voltage (V) Parameters

Absolute error Relative error (%)

With amendments Derived directly With amendments Derived directly

30 Fs 0.025 N 0.093 N 9.68 38.64
50 Fs 0.034 N 0.180 N 7.85 42.10
80 Fs 0.056 N 0.400 N 8.03 58.53
30 xdlim 7.60 mm 38.98 mm 14.46 80.46
50 xdlim 7.29 mm 27.27 mm 7.84 15.76
80 xdlim 12.36 mm 60.14 mm 7.15 34.77
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where significant deformation occurs in the connecting
part; where the hysteresis of the bimorph becomes
influential.

Experiment on deflector center displacement under
different working conditions

Based on testing platform of deflector center displace-
ment and the resistant force generated on feedback rod
ball, extend the assembly into the transparent con-
tainer. The deflector center displacement is measured
by laser sensor. The partial testing device is shown in
the Figure 14.

The control voltage amplitude is 50V, the frequency
is 0.1Hz. In Figure 15(a), the experimental results
whether the feedback rod ball is limited or not in oil
and air are compared with simulations from the pro-
posed model. Figure 15(b) compares the experimental
results while the feedback rod ball is free in oil and air

with the simulation results of both the proposed and
traditional models. Figure 15(c) compares the experi-
mental results while the feedback rod ball is limited in
oil and air with the simulation results of both the pro-
posed and traditional models.

The experimental peaktopeak values of the deflector
center displacement in oil and air differ by no more
than 4%. While the feedback rod ball is free in air, both
the traditional model (derived directly) and our pro-
posed model agree well with experimental results, with
maximum peak-to-peak errors below 3%. While the
feedback rod ball is limited in air, the traditional model
yields a maximum error of 45.7%, while our proposed
model reduces this error to 4.7%. Notably, significant
curve deviations occur near 4.6 and 14.6 s, attributable
to measurement point shift after the light is refracted
by the oil flow caused by assembly movement.

Discussion

Based on model of single multilayer bimorph end dis-
placement d1 (equation (10)), the effect of multilayer
bimorph unclamped length on bimorph end displace-
ment is obtained as Figure 16.

The amplitude of control voltage is 100V, the fre-
quency is 0.1Hz. With the unclamped length is reduced
by 2mm (from 18.5 to 16.5mm), the end displacement
is reduced by 21.81mm (from 106.63 to 84.82mm).
Based on model of deflector center displacement for
limited feedback rod ball (equation (43)), the effect of
bimorph unclamped length on deflector center displace-
ment xdlim while feedback rod ball is limited is obtained
as Figure 17. With a control voltage of 100V at 0.1Hz,
deflector center displacement is reduced by 20.80mm
(from 116.07 to 95.27mm) while the unclamped length
is reduced by 2mm (from 18.5 to 16.5mm).

Based on equations (10), (18), (24), and (42) obtained
in section 3, while the control voltage amplitude is
100V and the frequency is 0.1Hz, single multilayer
bimorph end displacement d1, the multilayer bimorph
end displacement in the assembly for free feedback rod

Figure 14. Partial testing device: (a) while the feedback rod
ball is free in air, (b) while the feedback rod ball is limited in air,
(c) while the feedback rod ball is free in oil, and (d) while the
feedback rod ball is limited in oil.

Figure 15. The comparison among results of: (a) model with amendments and experiments, (b) models and experiments while the
feedback rod ball is limited, and (c) models and experiments while the feedback rod ball is free.
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ball d2, the deflector center displacement in the assem-
bly for free feedback rod ball xd, and the deflector cen-
ter displacement in the assembly for limited feedback
rod ball xdlim are compared in Figure 18.

The end displacement of a single multilayer bimorph
is quite similar with the multilayer bimorph end displa-
cement in the assembly for free feedback rod ball. The
maximum deflector center displacement for free feed-
back rod ball reaches 179.71mm, while the maximum
deflector center displacement in the assembly for lim-
ited feedback rod ball only reaches 95.21mm.

Based on the model of assembly end displacement
for free feedback rod ball (equations (32) and (33)), the
trajectory for free feedback rod ball is obtained as
Figure 19.

While the amplitude of control voltage is 100V and
the frequency is 0.1Hz, the axial feedback rod ball cen-
ter displacement L3 reaches 1.62mm, and the feedback
rod ball center displacement xs reaches 371.57mm.

The fitting clearance variation between the feedback
rod ball and limit slot critically affects the assembly
output linearity. When the clearance exists, the working
status of the assembly is shown in Figure 20. While the
feedback rod ball center displacement xs which can be
obtained by equation (32) does not reach the clearance,
the feedback rod ball is considered to be free with the
feedback force is 0, and the deflector center displace-
ment xdc can be obtained by equation (24). While the
feedback rod ball center displacement xs equals or
exceeds the clearance, the feedback rod ball is

Figure 16. Effect of multilayer bimorph unclamped length on bimorph end displacement: (a) schematic diagram of monitoring
variables, and (b) the multilayer bimorph end displacement.

Figure 17. Effect of multilayer bimorph unclamped length on deflector center displacement while feedback rod ball is limited: (a)
schematic diagram of monitoring variables, and (b) the deflector center displacement.
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considered to be limited and the deflector center displa-
cement xdc can be obtained by equation (42).

Based on proposed model, the effect of different
clearances on deflector center displacement and feed-
back force acted on the feedback rod ball are shown in
Figure 21, while the amplitude of the control voltage is
100V and the frequency is 0.1Hz.

An abrupt change in feedback force and deflector
center displacement occurs when the feedback rod ball
contacts the fixture. Based on practical assembly condi-
tions, the clearance between the feedback rod ball of
the assembly and the limit slot can be controlled within
3mm. When the clearance is 3mm, the region for free
feedback rod ball accounts for 0.97% of a cycle, and
the magnitude of the displacement change suddenly
when the feedback rod ball contacts the limit slot
reaches 1.16mm. Wider clearances result in longer

operating durations under free feedback rod ball condi-
tions, greater influence on output displacement. A
smaller clearance is preferable to mitigate abrupt dis-
placement variations and ensure control accuracy.

Conclusion

In this paper, based on the proposed structure, the
mathematical model of multilayer bimorph and
deflector-feedback rod assembly for deflection jet servo
valves is established. The static characteristics of the
multilayer bimorph and deflector-feedback rod assem-
bly are conducted by simulation and experiments. The
detailed conclusions are as follows:

(1) A new structure of the first stage assembly
exposing the feedback rod is designed to meet
the requirements that enable bimorph clamped
length adjustment and relative positioning
between bimorph and feedback rod adjustment.
With the fixture, the characteristics of the
assembly while the feedback rod ball is limited
in oil can be tested.

(2) A mathematical model of the assembly that
account for the anticlastic deformation is estab-
lished under the actual working condition that
the feedback rod ball is limited. Compared with
experimental results, the maximum relative
error of deflector center displacement in pro-
posed model reaches 14.46%, while the maxi-
mum relative error of deflector displacement
derived directly from traditional model reaches
80.46%.

(3) The effect of bimorph clamped length on feed-
back rod ball center displacement and the effect
of feedback rod ball limitation on deflector cen-
ter displacement can be obtained through

Figure 18. Bimorph end and deflector center displacement under different conditions: (a) schematic diagram of monitoring
variables, and (b) displacement under different conditions.

Figure 19. The trajectory of free feedback rod ball: (a)
schematic diagram of monitoring variables, and (b) displacement
under different conditions.
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Figure 21. The effect of different clearance on output characteristics: (a) feedback force acted on feedback rod ball, (b) feedback
force near zero control voltage, (c) deflector center displacement, and (d) deflector center displacement near zero control voltage.

Figure 20. Assembly working states with clearance: (a) state when control voltage amplitude is zero, (b) initial contact state when
feedback rod ball center displacement equals clearance, and (c) state when feedback rod ball center displacement exceeds clearance.
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mathematical model. While the amplitude of
control voltage is 100V and the frequency is
0.1Hz, with the unclamped length is reduced by
10.81%, the deflector center displacement is
reduced by 17.92%.

(4) Larger assembly end fitting clearance leads to
longer operation period for free feedback rod
ball movement, affecting continuity of deflector
center displacement output. An abrupt change
in feedback force and deflector center displace-
ment occurs when the feedback rod ball con-
tacts the fixture. With the clearance of 3mm, the
deflector center displacement changes reaching
1.16mm in a sudden.

This study provides not only theoretical support and
practical guidance for applying and designing the pilot
stage used for deflection jet servo valves, but also theo-
retical support for multilayer bimorph applications in
complex structural load.
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